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Abstract

In this talk, we define the canonical model for arbitrary Shimura datum and give a proof of
the uniquess of such a model.
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1 Canonical model for (T, {h})

Given a Shimura datum (G,X), one can define a ”reflex field” E(G,X) which is a number field. Let us
briefly recall the construction of the reflex field.

Construction 1.1. • Let h ∈ X. Then h induces a cocharacter µ : Gm,C → GC.

• The cocharacter is defined as the mprphism

µh : Gm,C ↪→ Gm,C ×Gm,C
∼= SC

hC−−→ GC. (1)

On C-valued points, it sends a unit z ∈ C× to h(C)(z, 1).

• A different h, defines another map µh which is conjugate to the one above. This defines an

element c(X) ∈ C(C) = Hom(Gm,GC)
G(C) .

• The reflex field E(G,X) is the field of definition of c(X) in Q,

Let (T, {h}) be a Shimura datum where T is a torus. We now briefly recall the construction of
canonical model for the torus. Let E be the reflex field of (T, {h}).

Construction 1.2. • Let
MK(T, {h}) = T(Q) \ {h}× T(Af)/K (2)

for K a compact open sufficiently small in G(Af). As étale E-schemes correspond to finite sets
with Gal(Ē/E) action, we construct an action of the absolute Galois group of E on the finite set
MK(T, {h}).
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• We constructed a morphism
rx : A×

E → T(Af)

by

rx(a∞, af) =
∑

ρ:E→Q̄

ρ(ResE/Q(µh)(af)).

• Let [a] ∈ MK(T, {h}) and σ ∈ Gal(Ē/E), then, we define

σ.[a]K = [rx(s).a]K (3)

where s is the preimage of σ|Gal(Eab/E) under the image of the global artin map

artE : E× \A×
E → Gal(Eab/E). (4)

2 Special Points

Definition 2.1. A point x ∈ X where (G,X) is a Shimura Datum is special if there exists a torus
T ⊂ G such that hx(C

∗) ⊂ T(R).

Example 2.2. Let G = GL2 and X be the set of GL2(R) conjugacy classes of h0 : S → GL2,R. The
conjugacy classes are in bijection with C/R. It turns out that the special points are given by the points
in z ∈ C/R such that Q[z] is an imaginary quadratic extensions over Q.

Lemma 2.3. [Mil, Lemma 13.3] Given any Shimura datum (G,X), there exists a special point x ∈ X.

Remark 2.4. A subalgebra of a Lie algebra is called Cartan if it is nilpotent and it is equal to its
own centralizer. An example is the diagonal matrices in gln.
Let x ∈ g and Px(T) be the characteristic polynomial of ad(x) of degree n = dim(g), then x is called
regular if the leading coefficient of Px(T) is non-zero. It turns out that regular elements form connected
dense open subset in Zariski topology on g. The Cartan subalgebras are given by the centralizers of
regular elements.
Regular elements in gln are given by matrices with distinct eigenvalues. Also if g is the Lie algebra of
an algebraic group, then the Cartan subalgebras are given by Lie algebra of maximal tori.

Sketch. Let x ∈ X. Let T be maximal torus in GR containing hx(C
×). We want to get a maximal

torus over Q. At first, the torus is centralizer of a regular element λ ∈ Lie(GR). By density, one finds a
regular element λ0 ∈ Lie(G) sufficiently close to λ. Let T0 be the torus inside G defined by centralizer
of λ0. As λ0 and λ are sufficiently close, T0R and T are conjugate by an element g ∈ G(R) (not clear
fully), hence the image of hx = ghg−1 : S → GR is contained in T0R(R). Thus (T0, hx) is a special
point.

3 Canonical Model for (G,X)

Definition 3.1. Let (G,X) be a Shimura Datum. A canonical model for (G,X) is an inverse
system of E := E(G,X)-varieties (MK(G,X))K ranging over all compact opens K ⊂ G(Af) such that
MK(G,X)C ∼= ShK(G,X) and for all morphisms of Shimura Datum

(T, {h}) ↪→ (G,X) (5)

, the induced inclusion of C-varieties

ShK ′(T, {h}) ↪→ ShK(G,X) (6)

is defined over E(G,X).

Remark 3.2. This definition agrees with [Mil, Defintion 12.8].
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4 Uniqueness of Canonical Model

We prove the following theorem.

Theorem 4.1. [Mil, Theorem 13.7, Remark 13.8] A canonical model of ShK(G,X) if it exists is unique
upto isomorphism.
Morever, if a : (G,X) → (G ′, X ′) is a morphism of Shimura datum and suppose Sh(G,X) and Sh(G ′, X ′)
have canonical models. Then the morphism Sh(a) : ShK(G,X) → ShK ′(G,X) is defined over the reflex
field E(G ′, X ′).

Proof. Let (G,X) be a Shimura datum and let MK(G,X) and M ′
G,X be two models over the reflex

field E. Then one has an iso morphism of varieties

id = φ : MK(G,X)C → M ′
K(G,X)C

We now use the following fact

Proposition 4.2. [Mil, Proposition 13.1] Let k be a subfield of an algebraically closed field Ω. Then
the functor

V → {VΩ + action of Aut(Ω/k) on V(Ω)} (7)

is fully faithful.

Using the above proposition, we are reduced to show that φ is defined over E(G,X).

Thus we show that σ.[x, a]K) = φ([x, a]K).
Let x be a special point. By definition of canonical, [x, a]K maps to [x, rx(s)a]K. Now we use the fact
that the collection of all [x.a]K is dense in ShK. Hence we see that if σ preserves the reflex field of a
special point, we have the action.

Now, we have a general statement that E(G,X) = ∪x∈X specialE(x). This shows that all automor-
phisms of C fixing E(G,X) act on ShK(G,X).
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