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These are the notes corresponding to Talk 1 in the PhD Seminar on Algebraic
Groups held in Essen, in the winter term of 2022. They roughly follow [[1],
Chapters 1-2] and parts of [[3], Section 2]. We give the definition of algebraic
groups and study some basic constructions.
In order to do this, we start with the following nice quote in mind:

Yoneda’s lemma is not a deep fact, but its importance cannot be
overestimated. (Angelo Vistoli, [[3], Page 16].)

The Yoneda lemma links schemes to their functors of points, so that schemes
are a bit like functors, and we will see that they are also a bit like sheaves. In
the first part of the talk, we will recap those notions and make precise what this
means. After that, we can give the definition of an algebraic group (which will
by then hopefully feel like a good definition) and do some basic constructions
(morphisms, subgroups, exact sequences, products...). We then study the result
that algebraic groups are smooth if and only if they are reduced. Afterwards, we
study the so-called identity component and we see that the reduced subscheme
of an algebraic group is an algebraic group, but not necessarily normal.

Notation 0.1. Throughout, let k be an algebraically closed field. Let Algk
be the category of commutative, finitely generated k-algebras. Let Set be the
category of sets and let Group be the category of (not necessarily Abelian!)
groups. We let an algebraic scheme be a scheme over k which is of finite type.
All categories are assumed to be small, in the sense that the Hom-objects are
sets.

Acknowledgment: I want to thank Manuel Hoff for answering so many
of my questions, and for the nice example of projective space and a good way
of thinking about the group structure on π0(G). This has made this talk a lot
better than my original first version.

1 Flat sheaves and the Yoneda Lemma

Example 1.1. The set of k-points of the projective space over k is defined as
Pn(k) = (kn+1 \{0})/k∗. Now if we have an element R ∈ Algk, we would like to
define a corresponding projective space Pn(R) (and for the sake of the example,
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let’s forget all we may already know for a moment). Naively, one might opt for
setting Pn(R) = (Rn+1 \ {0})/R∗. But this is not functorial: take for example
the map k[x]→ k, x 7→ 0, then this should induce a morphism Pn(k[x])→ Pn(k)
but the point [x : 0 : · · · : 0] would go to an undefined point.

The above example is a nice reminder of the fact that schemes can be viewed
as functors. This is a consequence of the Yoneda lemma, of which we now do a
brief recap following [[3], Section 2.1.1]. For a category C and an object X ∈ C,
there is a functor

hX : Cop → Set, U 7→ Hom(U,X)

which is also called the functor of points of X.

Definition 1.1 ([3], Definition 2.1). A representable functor on the category
C is a functor F : Cop → Set which is isomorphic to a functor hX for some
object X in C.

Now if we have a morphism f : X → Y in C, there is an induced mor-
phism hf : hX → hY (from composing with f) and so we find a functor
C → Hom(Cop,Set).

Lemma 1.1 (Yoneda lemma (weak version), see Section 2.1.1 of [3]). The above
functor is fully faithful. In other words, the map

Hom(X,Y ) 7→ Hom(hX , hY ), f 7→ hf

is bijective.

In particular, if there is an isomorphism between hX and hY , this must come
from a unique isomorphism X → Y . This shows that an object X is uniquely
determined by its functor of points.
Now moving into our setting: an algebraic scheme X over k can be covered
by affine schemes which are the spectra of elements of Algk. We have that X
defines a functor of points

X̄ : Algk → Set, R 7→ X(R) = Hom(Spec(R), X).

Using the Yoneda Lemma together with the fact that morphisms of schemes are
gluable, one can prove that X̄ determines X uniquely up to a unique isomor-
phism. So algebraic schemes “are” their functor of points from Algk!

Example 1.2 (Continuation of Example 1.1). Maybe there is a better way to
define projective space over a ring R: we set

Pn(R) = {a ∈ Rn+1 : ∀φ : R→ R′ ∈ Algk with R′ 6= 0, φ(a) 6= 0 ∈ (R′)n+1}/R∗.

Note that

Pn(R) = {(a0, · · · , an) : the ai generate the unit ideal}/R∗

and that this definition gives us a well defined functor. Still, we are not happy,
because this does not define a flat sheaf.
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This is a good reminder of another important property of schemes: they
define “flat sheaves”. Let us recap this notion now.

Definition 1.2 ([1], Definition 5.65). A flat sheaf is a functor F from Algk to
Set which satisfies the following conditions:

1. For any k-algebras R1, · · · , Rm we have that

F (R1 × · · · ×Rm) ∼= F (R1)× · · · × F (Rm)

via the natural map.

2. For any faithfully flat morphism R→ R′ of k-algebras, the sequence

F (R)→ F (R′) ⇒ F (R′ ⊗R R′)

is exact, where the two arrows on the right are defined by r 7→ r ⊗ 1 and
r 7→ 1⊗ r.

A morphism of flat sheaves is a natural transformation of functors.

One can similarly define a flat sheaf of groups.

Remark 1.1. If you are familiar with Grothendieck topologies: the above defi-
nition is equivalent to the definition of a sheaf for the flat topology (usually, this
could mean either the fppf or the fpqc topology, but we we note that both are
equivalent on our category Algk). Namely, condition (2) says the sheaf condi-
tion holds for covers that consist of a single open and (1) says that the functor
respects finite products implying that the condition will hold in general. And
conversely, one can prove that any sheaf for the flat topology respects finite
products and so it will satisfy the above definition.

Example 1.3 ([1], Example 5.66 and see also [3], Theorem 2.55). Schemes are
examples of flat sheaves.

If we have a functor F which is not necessarily a flat sheaf, we can always
’sheafify’ it, as stated by the following proposition of which we omit the proof
here.

Proposition 1.1 ([1], Proposition 5.68). Let F be a functor. There exists a flat
sheaf F̃ together with a morphism α : F → F̃ such that every other morphism
β from F to a flat sheaf S factors uniquely through α. Moreover, F̃ is unique
up to unique isomorphism.

Example 1.4 (Continuation of the continuation of Example 1.1). The projec-
tive space Pn(R) as defined in Example 1.2 is not a flat sheaf. However, we can
sheafify!
Now one might wonder whether we can make sense of the pointwise action of
the unit group on a global level as well, i.e. if we could write something like
Pn = (An+1 \ {0})/Gm in the world of schemes. Therefore, this example may
serve as some extra motivation to define algebraic groups, for which we now
have all the setup.
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2 Algebraic groups

We can now define algebraic groups.

Definition 2.1. An algebraic group over k is a functor Algk → Group such
that the underlying functor to Set is representable by an affine algebraic scheme.

This means that an algebraic group is an affine algebraic scheme G such
that for all R ∈ Algk, we can define maps m : G(R) × G(R) → G(R) (group
operation), e : {?} → G(R) (unit) and inv : G(R) → G(R), x 7→ x−1 (inverse)
giving G(R) the structure of a usual group. By the Yoneda lemma, these define
morphisms m : G×G→ G, e : Spec(k)→ G and inv : G→ G, so that we really
have something which looks like a usual group. We often write (G,m) for an
algebraic group G with multiplication map m.

Definition 2.2 ([1], Definition 1.2). A morphism of algebraic groups is a mor-
phism of flat sheaves of groups between algebraic groups.

We say that an algebraic group G is trivial if e : Spec(k)→ G is an isomor-
phism, and one often writes e for the trivial algebraic group. A morphism is
said to be trivial if it factors through the unit.

Remark 2.1. By the previous section, algebraic groups are also particular
examples of flat sheaves of groups. We have inclusions of categories

{algebraic groups} ⊂ {flat sheaves of groups} ⊂ {presheaves of groups}.

(Here, “presheaves of groups” means functors Algk → Group.) Many con-
structions with algebraic groups will happen on the level of flat (pre)sheaves of
groups, after which one needs to see whether the result is again an algebraic
group or not.

Example 2.1 (Additive group scheme). The functor R 7→ (R,+) is represented
by Spec(k[T ]) and so it defines an algebraic group Ga.

Example 2.2 (Multiplicative group scheme). The functor R 7→ (R∗, ·) is rep-
resented by Spec(k[T, T−1]) and so it defines an algebraic group Gm.

Example 2.3. The scheme GLn which is GLn(R) on each R ∈ Algk is an
algebraic group. One can similarly define SLn, and other matrix groups.

One could alternatively use a more categorial definition and say that an
algebraic group is a group object in the category of schemes. More precisely,
this means the following (and note how this is close to the usual group axioms):

Definition 2.3 ([1], Definition 1.1). Let G be an affine algebraic scheme over
k together with a morphism m : G × G → G. The pair (G,m) is an algebraic
group over k if there exist maps e : Spec(k) → G and inv : G → G such that
the diagram

Spec(k)×G G×G G× Spec(k)

G

∼=

e×id

m ∼=

id×e
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commutes (“there is a unit, which works on both sides”), as well as the diagram

G×G×G G×G

G×G G

m×id

id×m

m

m

(“associativity”) and the diagram

G G×G G

Spec(k) G Spec(k)

(inv,id)

m

(inv,id)

e e

(“every element has an inverse”).

Remark 2.2. The two definitions 2.1 and 2.3 of algebraic groups are equivalent,
because of the Yoneda lemma.

Notation 2.1. In this seminar, algebraic groups are always assumed to be affine
schemes. Therefore, elliptic curves (or Abelian varieties in general) do not count
as algebraic groups for us, even though one could leave out the “affine” in both
of the above definitions to get a more general notion of algebraic group that
would include them.

3 Constructions with algebraic groups

With algebraic groups, one can do many of the things which one would do with
usual groups. First of all, one can think about taking products of algebraic
groups. If G1, · · · , Gn are algebraic groups over k, then G1 ×k · · · ×k Gn is too,
and it represents the functor

R 7→ G1(R)× · · · ×Gn(R).

More generally, if G1 → H ← G2 are morphisms of algebraic groups then the
fibered product G1 ×H G2 is an algebraic group, representing the functor

R 7→ G1(R)×H(R) G2(R).

See [[1], 2.30 in Section 2e].
Now consider two algebraic groups Q and N and a morphism θ : Q×N → N .
Suppose that for every R ∈ Algk, we have that θR : Q(R) × N(R) → N(R)
defines an action of Q(R) on N(R). Then we can look at the functor

R 7→ N(R) oθR Q(R).

Recall that the semi-direct product N(R)oθRQ(R) is N(R)×Q(R) as a set, but
with the group operation given by (n, q)·(n′, q′) = (nθR(q, n′), qq′). This functor
defines an algebraic group because its underlying functor to Set is N ×Q.
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Definition 3.1. The above functor is called the semidirect product of N and
Q defined by θ, and it is denoted by N oθ Q.

The identity element is (eN , eQ) and we have that (n, q)−1 = (θ(q−1, n−1), q−1).
Furthermore, we can talk about subgroups of algebraic groups.

Definition 3.2 ([1], Definition 1.3). Let G be an algebraic group. A subsheaf
H of G is an algebraic subgroup of G if H is itself an algebraic group.

Remark 3.1. Note that from this definition, it isn’t clear that an algebraic
subgroup of an algebraic group G is a closed subscheme of G. We will see later
in the seminar, however, that this is actually true.

In usual group theory, a very important class of subgroups are those which
are normal, because these are the only subgroups for which we can form a
quotient group.

Definition 3.3 ([1], Definition 1.51). Let G be an algebraic group and let H
be an algebraic subgroup.

• H is normal if H(R) is normal in G(R) for all R ∈ Algk.

• H is characteristic if α(H × Spec(R)) = H × Spec(R) for all R ∈ Algk
and automorphisms α of G× Spec(R).

We see that a characteristic subgroup is also normal. Also note that given
a normal algebraic subgroup, the corresponding quotient sheaf is a well defined
sheaf of groups. We will see later in the seminar that this is in fact an algebraic
group.

Example 3.1. Consider a semidirect product N oθ Q as before. We have that

(n, eQ) · (eN , q) · (n, eQ)−1 = (nθ(q, n−1), q)

and so Q is normal in the semidirect product if and only if the action of Q on
N is trivial.

Recall that an important example of a normal subgroup in usual group
theory is the kernel of a morphism. This will also be a nice example for algebraic
groups.

Lemma 3.1. Let φ : G → H be a morphism of algebraic groups. Then the
functor R 7→ ker(φ(R)) defines an algebraic group.

This algebraic group is the kernel of φ and will be denoted by ker(φ).

Proof. We can represent this functor by a scheme using the following diagram:

ker(φ) Spec(k)

G H

e

φ

This means that the kernel of φ is a fibered product of algebraic groups, and we
have already seen that this is again an algebraic group.
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Definition 3.4 (See [1], Definition 1.61). A sequence of algebraic groups is
exact if it is exact as a sequence of sheaves.

Remark 3.2. Note that while kernels can be defined pointwise, there might be
a sheafification in the way of images. A sequence of algebraic groups

e→ N
f−→ G

g−→ Q→ e

is exact if and only if it is left exact when applied to all R ∈ Algk and in
addition, g is surjective sheaf-theoretically.

Remark 3.3. We will see later in the seminar that a morphism g as above being
a surjection of sheaves is equivalent to g being faithfully flat. One direction, the
fact that if g is fully faithful, it is a surjective morphism of sheaves, is not so
hard, see for instance [[2], Tag 00HQ].

4 Smoothness is equivalent to being reduced

An interesting result is that an algebraic group is smooth if and only if it is
reduced. This has to do with another nice property of algebraic groups: they
are homogeneous.

Definition 4.1. A scheme X over k is said to be homogeneous if the automor-
phism group of X acts transitively on the set of closed points |X|.
Lemma 4.1. Let G be an algebraic group over k. Then G is homogeneous.

Proof. Because k is assumed to be algebraically closed, we have that G(k) = |G|
and so |G| is actually a group. For all a ∈ G(k) there is a translation map

la : G
∼=−→ {a} ×G m−→ G, x 7→ ax.

We have that
la ◦ lb = lab

for a, b ∈ G(k) and le = id. So la ◦ la−1 = id = la−1 ◦ la showing that la is an
automorphism sending e to a. This shows that G is homogeneous.

Recall that for an algebraic schemeX and a closed point x ofX with maximal
ideal mx, we have the tangent space Tx(X) = Hom(mx/m

2
x, k).

Definition 4.2. The point x is smooth if dim(Tx(X)) = dim(OX,x). A scheme
X over k is said to be smooth if all closed points are smooth.

Recall that a scheme X is reduced if OX,x is a reduced ring, so it has no
nonzero nilpotent elements, for all x ∈ X.

Proposition 4.1 ([1], Proposition 1.26). Let G be an algebraic group over k.
Then G is reduced if and only if it is smooth.

Proof. Assume that G is reduced. Then the singular locus is a proper closed
subset of it, see for example [[4], Corollary II.8.16]. Therefore, G contains at
least one smooth point. Using Lemma 4.1, this implies that all of G is smooth.
Conversely, if G is smooth, then it is reduced, see [[2], Tag 056T].
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5 Connected components and a useful exact se-
quence

Now let (G,m) be an algebraic group.

Definition 5.1. We define π0(G) to be the set of connected components of |G|.

We note that π0(G) is actually an algebraic group. We can consider the
functor

Finite sets→ Algebraic schemes, S 7→
⊔
s∈S

Spec(k)

then the functor π0 : Algebraic schemes→ Finite sets which sends an alge-
braic scheme to its set of connected components is a left adjoint to this. Also,
one can check that π0 preserves finite products in our case (because we work over
an algebraically closed field). The unit of the adjunction gives us a morphism
G → π0(G) of which the fibers are the connected components of G. Morally,
this sends an element of G to the connected component it lies in.
Now we see that the composition G × G m−→ G → π0(G) will factor through
π0(G × G) = π0(G) × π0(G). This gives a morphism π0(G) × π0(G) → π0(G)
and one can check that it makes π0(G) into an algebraic group, in such a way
that the morphism G→ π0(G) becomes a group homomorphism.

Definition 5.2. For an algebraic group G, the connected component containing
the unit element e is called the identity component of G, and it is denoted by G0.

We note that G0 is an algebraic subgroup of G.

Proposition 5.1 ([1], Proposition 2.37(b)). There is an exact sequence

e→ G0 → G
φ−→ π0(G)→ e.

Proof. We observe that G0 is the kernel of φ. And φ is faithfully flat. Namely,
for g ∈ G, let s be the image in π0(G). Then we have that Oπ0(G),s = k. Now
we have that k → OG,g is defining a k-vector space, and so this is a locally free,
hence faithfully flat module over k. Using the result in Remark 3.3, this implies
exactness.

Remark 5.1. It follows that the identity component G0 of an algebraic group
G is a normal subgroup. In fact, it is even a characteristic subgroup, see [[1],
Proposition 1.52].

6 The underlying reduced scheme

We now study the underlying reduced scheme of an algebraic group G. This is
actually also an algebraic group!

Proposition 6.1 ([1], Proposition 1.38). Let (G,m) be an algebraic group
over k. Then Gred is an algebraic subgroup of G.
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Proof. Because Gred is reduced, Gred×Gred is also reduced (see [[2], Tag 035Z]).
This implies that the restriction of m to Gred×Gred factors through Gred → G
(see [[2], Tag 0356]). One can similarly see that the unit and inverse map
induce maps Spec(k) → Gred and Gred → Gred. It follows that (Gred,mred) is
an algebraic subgroup of (G,m).

Even though Gred is an algebraic subgroup, it does not need to be normal.

Example 6.1 ([1], Example 2.35(a)). Assume that k has characteristic p > 0.
Consider the action

Gm ×Ga → Ga, (u, a) 7→ ua.

This stabilizes the subgroup αp given by αp(R) = {r ∈ R : rp = 0}, which is a
subgroup of Ga as (x + y)p = xp + yp in characteristic p. Form the semidirect
product G = αp o Gm. Then Gred = Gm but this is not normal in G. One
way to check this is to observe that the action of Gm on αp is not trivial (recall
Example 3.1).
We can also see this directly by considering the embedding

G→ GL2, (a, b) 7→
(
b a
0 1

)
.

This is a group homomorphism as we have that

(a, b) · (c, d) = (a+ bc, bd) 7→
(
bd a+ bc
0 1

)
=

(
b a
0 1

)(
d c
0 1

)
.

Now consider R = k[ε, t, t−1]/(ε2) ∈ Algk. Then t ∈ Gm(R) but we have that(
1 ε
0 1

)(
t 0
0 1

)(
1 −ε
0 1

)
=

(
t ε
0 1

)(
1 −ε
0 1

)
=

(
t (1− t)ε
0 1

)
so our subgroup is not normal.
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