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These are notes for a talk given in the PhD-seminar on Algebraic Groups in the Winter
term 2022/23 in Essen. The main reference for these notes is [Mil17]. I would like to thank
the organisers, Niklas Müller and Manuel Hoff, for many insightful discussions regarding the
contents of this talk.

Throughout these notes, we will only consider schemes over an algebraically closed field k.
All schemes and algebraic groups will be schemes and algebraic groups over k, respectively.

Let G be an algebraic group. Recall that G contains a unique maximal algebraic subgroup
R(G), the radical, that is smooth, connected, normal and solvable. G also contains a unique
maximal algebraic subgroup Ru(G), the unipotent radical, that is smooth, connected, normal
and unipotent. (We have seen the basis for this in Talk 5.) Since every unipotent group is
solvable, we have Ru(G) ⊂ R(G). Because images of unipotent groups are again unipotent, the
group Ru(G) is characteristic, that is stable under endomorphisms of G. (We have seen this in
Talk 7.)

If we remove the property to be normal from the definition of R(G), we get the notion of
a Borel subgroup, that is a maximal smooth, connected, solvable subgroup of G. Every Borel
subgroup contains a maximal torus of G. These subgroups, Borel subgroups and maximal tori,
are not unique, but if G is smooth and connected, then all pairs (B, T ) of a Borel subgroup B
and a maximal torus T ⊂ B are conjugated by an element in G(k). (We have seen this in Talk
9.)

Solvable groups have a nice property, called the Borel fixed point theorem: If a solvable group
G acts on a separated, complete and non-empty scheme X, then the fixed point scheme XG is
non-empty, i.e. there is a fixed point in X(k). (This was proven in Talk 8.)

In this talk, we want to cover three things: Firstly, we want to see that centralizers of tori in
smooth, connected algebraic groups are connected. Secondly, we want to see that every Borel
subgroup is its own normalizer and some consequences of this result — the biggest one is to
construct a variety of Borel subgroups. Finally, we will state Chevalley’s Theorem (yes, another
one) and see how it allows us to deduce that certain subgroups of reductive groups are again
reductive.

1 Centralizers of Tori
We will first see that centralizers of tori in a smooth, connected algebraic group are again
connected. With this we can define the Weyl group which will play an important role in the
classification of reductive algebraic groups, as it will act on root data.

Lemma 1.1 ([Mil17, Lemma 17.37]). Let T be a torus in a smooth, connected algebraic group
G. Then

CG(T ) ⊂
⋃

B⊃T

B

where the (finite) union runs over all Borel subgroups containing T .
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Proof. It is sufficient to prove that every c ∈ CG(T )(k) is contained in a Borel subgroup con-
taining T , since CG(T ) is smooth by Talk 6 [Mil17, Cor. 13.10]. So let B be any Borel subgroup
of G. Now G acts on G/B by left multiplication. Let (G/B)c denote the fixed point scheme
of c. Since c is (just as any other element of G(k)) contained in a Borel subgroup by [Mil17,
Cor. 17.34], its generated subgroup scheme is solvable. Therefore the Borel fixed point theorem
[Mil17, Thm. 17.3] implies that (G/B)c is non-empty. Furthermore, as a fixed point scheme it
is closed. As T commutes with c, it stabilises (G/B)c, i.e. sends elements of (G/B)c to (G/B)c

and so the left multiplication action restricts to T . Therefore another application of the Borel
fixed point theorem (this time to T acting on (G/B)c) shows that there exists gB ∈ (G/B)c

that is fixed by T , so we have

cgB = gB and TgB = gB

Multiplication with g−1 on the right yields that c ∈ gBg−1, which is a Borel subgroup containing
T . ■

Theorem 1.2 ([Mil17, Thm. 17.38]). Let T be a torus in a smooth, connected algebraic group
G. Then CG(T ) is connected.

Proof. By Lemma 1.1, we know that every element of CG(T ) lies in a Borel subgroup containing
T . So we have CG(T ) =

⋃
B⊃T CB(T ). By Talk 8 [Mil17, Thm. 16.41], each CB(T ) is connected,

and since they share the connected subgroup T , we get that CG(T ) is connected. ■

Corollary 1.3 ([Mil17, Cor. 17.39]). Let T be a maximal torus in a smooth, connected algebraic
group G. Then

(a) CG(T ) = NG(T )◦ (this also holds if T is not maximal),

(b) CG(T ) is contained in every Borel subgroup containing T , and

(c) CG(T ) = CG(T )u × T .

Proof. For (a) and (b) note that we have seen these statements for the connected component of
CG(T ) in Talk 6 [Mil17, Cor. 12.40] and Talk 9 [Mil17, Cor. 17.29]. Since CG(T ) is connected
by Theorem 1.2, these two parts follow.

For (c), note that CG(T ) is triagonalizable as it is smooth, connected, and solvable by Talk 6
[Mil17, Cor. 13.10], Theorem 1.2, part (b) from this corollary, and Talk 8 [Mil17, Prop. 16.52].
Therefore by Talk 8 [Mil17, Prop. 16.54], we get a split-exact sequence

e → CG(T )u → CG(T ) → T → e

since T is a maximal torus in CG(T ). (Otherwise G contained an even bigger maximal torus
that contains T .) The action of T on CG(T )u for the semidirect product is given by conjugation,
which is a trivial action since every element in CG(T ) commutes with T . Thus CG(G) =
CG(T )u × T . ■

Remark 1.4 ([Mil17, Rmk. 17.40]). (a) More generally, if T is a torus acting on a smooth,
connected algebraic group G, then GT is connected. This follows from Theorem 1.2 applied
to G ⋊ T , since CG⋊T (T ) = GT × T .

(b) Centralizers of tori in non-smooth algebraic groups are also connected. This can be deduced
from the smooth case.
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(c) Theorem 1.2 fails for arbitrary diagonalizable subgroups. So tori are the only diagonaliz-
able subgroups whose centralizers in smooth, connected algebraic groups are automatically
connected.

⌟

Definition 1.5 (Weyl group, [Mil17, Def. 17.41]). Let T be a maximal torus in a smooth,
connected algebraic group G. The Weyl group W (G, T ) of G with respect to T is the étale
group scheme π0(NG(T )) = NG(T )/CG(T ) (see Corollary 1.3 (a)). ⌟

We won’t see how the Weyl group of a maximal torus acts on root data in this talk, but we
will see another application: We will see that it classifies Borel subgroups of G containing T
(see Proposition 3.2).

Example 1.6 ([Mil17, Ex. 17.42]). Let G = GLV and let T be a maximal torus in G. Then
V decomposes into a direct sum V =

⊕
i∈I Vi of one-dimensional eigenspaces for the action of

T , because T is diagonalizable, as we have seen in Talk 6 [Mil17, Thm. 12.12]. Now T is the
algebraic subgroup of G consisting of automorphisms α of V that preserve the decomposition
including the ordering, i.e., such that α(Vi) = Vi for all i. (One can see this by picking a basis
of V . Then the diagonal matrices with respect to this basis form a maximal torus. For these,
this statement is obvious, and since all maximal tori are conjugate, it also holds for T .)

Let g ∈ G(k). The algebraic subgroup of G preserving the decomposition V =
⊕

i∈I gVi

(including the ordering) is gTg−1. Therefore g ∈ G(k) normalizes T if and only if g preserves
the decomposition V =

⊕
i∈I Vi up to reordering, i.e. g(Vi) ⊂ Vσ(i) where σ is a permutation of

I.
When we choose a basis for V consisting of an element from each Vi, we find that NG(T )

consists of the monomial matrices, i.e. permutations of diagonal matrices. Therefore NG(T ) =
CG(T ) · (Sn)k, as we have already seen in Talk 2, and thus W (G, T ) ∼= (Sn)k, where (Sn)k is the
constant algebraic group associated with the symmetric group on n symbols. ⌟

Definition 1.7 (Cartan subgroup, [Mil17, Def. 17.43]). A Cartan subgroup of a smooth, con-
nected algebraic group is the centralizer of a maximal torus. ⌟

For a reductive group, we have CG(T ) = T and therefore a Cartan subgroup of a reductive
group is a maximal torus (see Proposition 4.5 (a)). Since we are mainly interested in reductive
groups for the remainder of the Seminar, one can think of Cartan groups as maximal tori to get
an idea for them. Along these lines, we can also use this close tie to maximal tori, to obtain
classification similar to the one of maximal tori.

Proposition 1.8 ([Mil17, Prop. 17.44]). Let G be a smooth, connected algebraic group. Every
Cartan subgroup of G is smooth, connected, and nilpotent. Furthermore, any two Cartan sub-
groups are conjugate by an element of G(k), and the union of the Cartan subgroups of G contains
a dense open subset of G.

Proof. Let C be a Cartan subgroup. Then C = CG(T ) for a maximal torus T of G. By Theorem
1.2, C is connected. If we combine this with the statement from Talk 9 [Mil17, Prop. 17.28],
that we know smoothness and nilpotentness for C◦ = C, we get the first part of the statement.

To see the second part let C ′ = CG(T ′) be another Cartan subgroup, which is the centralizer
of a maximal torus T ′. By [Mil17, Thm. 17.10] from Talk 9, all maximal tori are conjugate,
so there exists g ∈ G(k) with T ′ = gTg−1. So we get that C ′ = CG(T ′) = C(gTg−1) =
gCT (T )g−1 = gCg−1.

If C is a Cartan subgroup, then every conjugate of C is also a Cartan subgroup. Since we
showed in Talk 9 [Mil17, Thm. 17.33(a)] that

⋃
g∈G(k) g|C|g−1 contains a non-empty open dense

subset of G, so does the union of all Cartan subgroups. ■
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Proposition 1.9 ([Mil17, Prop. 17.45]). Let B be a Borel subgroup in a smooth, connected
algebraic group G. Then Z(G) = Z(B).

Proof. We have seen in Talk 9 [Mil17, Prop. 17.22] that Z(G) = CG(B) and since Z(B) =
CG(B) ∩ B, we have Z(B) ⊂ Z(G). So it suffices to prove Z(G) ⊂ B. For this let T be
a maximal torus of G contained in B. Then by definition Z(G) ⊂ CG(T ), which in turn is
contained in B by Corollary 1.3 (b). ■

Theorem 1.10 ([Mil17, Thm. 17.46]). Let G be a smooth, connected algebraic group. Let S be
a torus in G and B be a Borel subgroup containing S. Then CG(S) ∩ B is a Borel subgroup of
CG(S). Furthermore every Borel subgroup of CG(S) is of this form.

Sketch of Proof. Let C = CB(S). Then C ∩ B is a smooth, connected algebraic subgroup by
Talk 8 and by Theorem 1.2 (both groups are connected and smooth). Furthermore C ∩ B is
solvable as a subgroup of the solvable group B. Thus by Talk 9, we only need to show that
C/C ∩ B is complete in order to see that C ∩ B is a Borel subgroup of B.

For this consider the quotient map q : G → G/B. Then C/C ∩ B ∼= q(C). Thus, since G/B
is complete, we only need to show that q(C) ⊂ G/B is closed. Since q is open and surjective, it
is enough to show that q−1(q(C)) = CB is closed in G. (Here CB corresponds with the product
of two subsets of a groups and not the subgroup generated by two subgroups!)

In order to see this, one first shows using continuity that if y ∈ CB(k), then y−1Sy ⊂ B.
Using this we can define the following morphism: Consider the quotient map φ : B → B/Bu.
With the above, we can alter this into a morphism CB × S → B/Bu, (y, s) 7→ φ(y−1sy). Using
rigidity, one can now prove that this mapping does not depend on the choice of y and therefore
φ(y−1sy) = φ(s) for all s ∈ S(k) and y ∈ CB(k).

Next, we choose a maximal torus S ⊂ T ⊂ B. Let y ∈ CB(k). Using that φ|T is injective,
one can show that there is u ∈ Bu(k) such that u−1y−1syu = s for all s ∈ S(k). Thus one get
yu ∈ CB(S) = C and therefore y ∈ CB, proving that CB is closed. ■

2 The Normalizer Theorem
Our next aim is to prove the normalizer theorem, i.e. that every Borel subgroup is its own
normalizer. To see this, we will first prove that the normalizer is smooth, which we will do using
the following lemma.

Lemma 2.1 ([Mil17, Lemma 17.47]). Let H be a smooth subgroup of a smooth, connected
algebraic group G. If H contains a Cartan subgroup of G, then NG(H)◦ = H◦ (and so NG(H)
is smooth).

Proof. Let g, h and n be the tangent spaces of G, H and NG(H), respectively. Then we have

dim h = dim H ≤ dim(NG(H)) ≤ n.

Now, NG(H) is smooth if and only if the last inequality is an equality. Therefore it suffices to
show that n = h to prove the claim, because then we automatically get H◦ = NG(H)◦.

By assumption, H contains a Cartan subgroup C = CG(T ), whose tangent space we denote
by c. Now, one can show [Mil17, Prop. 10.34] that c = gT and n/h = (g/h)H , where G is acting
on g by the adjoint representation. Because H contains C, its tangent space h contains c = gT .
Therefore we can form the exact sequence

0 → h/gT → g/gT → g/h → 0.
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Because T is diagonalizable, the map (g/gT )T → (g/h)T stays surjective after taking fixed points
— we have seen in Talk 7 that taking fixed points under a diagonalizable group is exact. Since
additionally (g/gT )T = 0, we get (g/h)T = 0. Therefore the inclusion T ⊂ H yields

0 = (g/h)T ⊃ (g/h)H = n/h

and so n = h. ■

Theorem 2.2 (Normalizer Theorem, [Mil17, Thm. 17.48]). Let B be a Borel subgroup of a
smooth, connected algebraic group G. Then

B = NG(B).

Proof. We will prove the theorem via induction on dim(G). If dim(G) ≤ 2, then G is solvable
by Talk 9 [Mil17, Cor. 17.27]; so B = G = NG(B).

Every Borel subgroup contains a maximal torus and therefore a Cartan subgroup. So by
Lemma 2.1, NG(B) is smooth. Hence it is sufficient to show that NG(B)(k) ⊂ B(k), as the
other inclusions trivially holds.

So let x ∈ NG(B)(k). We want to prove that x ∈ B(k). Let T be a maximal Torus in B.
Then xTx−1 is also a maximal torus in B; and hence T and xTx−1 are conjugated by an Element
b ∈ B by [Mil17, Thm. 17.10] from Talk 9. After replacing x by bx, we have T = xTx−1. Now
the map

φ : T → T ; t 7→ [x, t] = xtx−1t−1

is a homomorphism because xtx−1 ∈ T and T is commutative. Indeed, we have φ(tt′) =
xtt′x−1(tt′)−1 = xtx−1(xt′x−1)t−1t′−1 = xtx−1t−1(xt′x−1)t′−1 = φ(t)φ(t′).

If φ(T ) ̸= T , then the kernel of T contains a non-trivial torus S. (T is a product of Gm’s and
if the map is not surjective the kernel will contain a subgroup of positive dimension, which in
turn will contain a torus.) By definition of the kernel, we then have x ∈ CG(S), so x normalizes
B ∩ CG(S), which is a Borel subgroup of CG(S) by Theorem 1.10. If CG(S) ̸= G, then x ∈ B(k)
by the induction hypothesis. If CG(S) = G then S ⊂ Z(G) is normal. Therefore we can apply
the induction hypothesis to G/S, since S ⊂ T ⊂ B; and we thus get xS ∩ B ̸= ∅.

If φ(T ) = T , then T acts trivially on any one-dimensional representation of G. Indeed, if
(V, r) is such a representation, and t ∈ T (k), then we can write t = [x, t′], which implies that
r(t)(x) = r([x, t′])(x) = [r(x), r(t′)](x) = idV (x) since GL(V )(k) = k× is commutative. We
have seen in Chevalley’s Theorem as presented in Talk 4 [Mil17, Thm. 4.27], that there is a
(not-necessarily one-dimensional) representation (V, r) of G such that NG(B) is the stabiliser of
a line L = ⟨v⟩ in V . Since T ⊂ NG(B), we can restrict the action of T on V to an action on L
which therefore is then trivial. Since Bu is unipotent, we know that the action of B on L has a
fixed point, and is therefore trivial as well. Since B = Bu ·T , we get that the action of B on L is
trivial. Therefore B is in the kernel of the map g 7→ r(g)(v) : G → V , and thus the latter factors
through G/B. Now G/B is complete and the map has an affine codomain. Thus the image is a
singleton, i.e. {v}, and so G fixes v. This in turn implies G = NG(B) (i.e. B is normal), which
yields G = B, as we have seen in Talk 9 [Mil17, Cor. 17.34]. (The Borel subgroups cover G.
but if a Borel subgroup is normal, then G only has a single Borel subgroup.) ■

Corollary 2.3 ([Mil17, Cor. 17.49]). Let P be a smooth subgroup of a smooth, connected
algebraic group G. If P contains a Borel subgroup of G, then P is connected and P = NG(P ).

Proof. Since P contains a Borel subgroup, Corollary 1.3 (b) shows that P contains a Cartan
subgroup. Therefore NG(P ) is smooth by Lemma 2.1. Since P ◦ ⊂ P ⊂ NG(P ), it suffices to
prove NG(P )(k) ⊂ P ◦(k).
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For this let x ∈ NG(P )(k) and let B ⊂ P be a Borel subgroup. Then B and xBx−1 are
Borel subgroups of P ◦ and thus there is p ∈ P ◦(k) with pxBx−1p−1. Thus px normalizes B and
thus px ∈ NG(B) = B by the Normalizer Theorem 2.2. And so we have

x = p−1 · px ∈ P ◦(k) · B(k) ⊂ P ◦(k)

as required. ■

Remark 2.4 ([Mil17, Cor. 17.51]). If P ⊂ G is a smooth, solvable subgroup that contains a
Borel subgroup B of G, then Corollary 2.3 shows that P is connected and therefore P = B. Thus
the Borel subgroups are also maximal among the (not necessarily connected) smooth solvable
subgroups of G.

However, they need not be the only maximal (not necessarily connected) smooth, solvable
subgroups of G: For example, if char k ̸= 2 and n is even, the diagonal in SOn is a commutative
smooth subgroup not contained in any Borel subgroup. Here for R a k-algebra, we have

SOn(R) = {A ∈ GLn | AtA = In and det A = 1}.

One can show that it is smooth and connected. Indeed, the diagonal in SOn is a product of copies
of (Z/2Z)k, and equals its own centralizer. (One can check this by hand.) If it were contained
in a Borel subgroup of G, it would be contained in a torus, because it is diagonalizable. This
torus would centralize it by Talk 8[Mil17, Thm. 16.33], as the maximal diagonalizable subgroups
are tori. (This example also works if n is odd, but then the definition of SOn is slightly more
involved, see [Mil17, 2.10 (b)]) ⌟

3 The variety of Borel subgroups
One consequence of the Normalizer Theorem is that we can use it to classify Borel subgroups of
a smooth, connected algebraic group G. For this consider the following: Let B denote the set of
Borel subgroups of G. Then the group G(k) acts transitively on B by conjugation, as we have
seen in the last talk [Mil17, Thm. 17.9],

G(k) × B → B; (g, B) 7→ gBg−1.

Let B be a Borel subgroup of G. Since NG(B) = B by the Normalizer Theorem 2.2, the orbit
map g 7→ gBg−1 induces a bijection (sheafification preserves k-points)

φB : G(k)/B(k) = (G/B)(k) → B

Therefore, we can endow B with the structure of a scheme by picking a B ⊂ G and taking
the structure of G/B and thus φB becomes an isomorphism. This definition is independent
of the choice of B because the quotients G/B and G/B′ are (canonically) isomorphic via the
conjugation automorphism of G sending B to B′. (Different choices of the conjugating element
will result in composition with an automorphism of G/B, because they only differ by something
in B or B′. These yield the same scheme structure, since G/B and G/B′ are both homogeneous
spaces.)

The functor of points of B also has an explicit description:

B(R) = {closed R-subgroups B ⊂ GR | B flat over R and for all R → k we have Bk ⊂ G Borel}.

The description of B as G/B also shows that B is smooth and connected, and that G acts on
B by scheme automorphisms. The variety B together with its G-action is called the flag variety
of G. We denote the (conjugation) action of g ∈ G on b ∈ B by g . b.

For instance, the flag variety of GLV is the set of maximal flags in V equipped with its
natural structure of an algebraic variety.
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Lemma 3.1 ([Mil17, Lemma 17.52]). Let S be a subset of G(k) and let BS = {B ∈ B | s . B =
B for all s ∈ S}. Then BS is a closed subset of B, equal to {B ∈ B | B ⊃ S}.

Proof. We have BS =
⋂

s∈S Bs, where Bs is the equalizer of the maps B 7→ B and B 7→ s . B (i.e.
the subset where the two agree). As Bs is closed (as an equalizer), so is BS . Since by definition
s . B = sBs−1, we have s . B = B ⇐⇒ s ∈ NG(B) = B by the Normalizer Theorem 2.2. This
description implies the second part of the Lemma. ■

Proposition 3.2 ([Mil17, Prop. 17.53]). Let T be a maximal torus of G. The Weyl group
W (G, T ) acts simply transitively on the set BT of Borel subgroups of G containing T .

Proof. One can see that the set BT is finite and the action of NG(T ) on BT is transitive as a
corollary to a theorem from Talk 9 [Mil17, Cor. 17.11]. So we only need to show that the action
has CG(T ) as its stabilizer. Since CG(T ) is connected by Theorem 1.2, it acts trivially on the
corresponding finite subset of (G/B)T of G/B, where B is a Borel subgroup containing T . This
is, because orbits are connected. So the action factors through W (G, T ) = NG(T )/CG(T ) and
it is only left to show that if x ∈ NG(T ) with xBx−1 = B, then x ∈ CG(T ). By the Normalizer
Theorem 2.2, we know that x ∈ B. Thus x ∈ NB(T ), so we get for every t ∈ T

xtx−1t−1 ∈ T ∩ DB ⊂ T ∩ Bu = e,

where the inclusion and identity hold because the derived subgroup DB is unipotent (it lies
in the (unipotent) kernel Bu of the projection B → T , since T is commutative), and because
T ∩ Bu is unipotent and diagonalizable, and therefore trivial. So we have x ∈ CG(T ). ■

4 Chevalley’s Theorem (another one)
Apparently, Chevalley has proven more than one theorem about algebraic groups. So there is
not only which identifies subgroups as stabilizers of one-dimensional subrepresentations, but also
one about unipotent radicals. In the final section of this talk, we will concern ourselves with the
latter Theorem by Chevalley and some of its consequences. With this theorem, we will show
that reductivity is stable with respect to torus operation, which will also prove some statements
that were hinted at above. For this recall that we call an algebraic group G reductive, if it is
smooth, connected, and has trivial unipotent radical Ru(G).

Theorem 4.1 (Chevalley’s Theorem, [Mil17, Thm. 17.56]). Let T be a maximal torus in a
smooth, connected algebraic group G. Then

Ru(G) · T =
(⋂

B∈BT
B

)◦

red
and Ru(G) =

(⋂
B∈BT

Bu

)◦

red
.

The intersections are over the (finite set of) Borel subgroups of G containing T .

Corollary 4.2 ([Mil17, Cor. 17.57]). Let S be a torus in a smooth, connected algebraic group
G. Then

Ru(CG(S)) = Ru(G) ∩ CG(S).

Proof. We have to show two inclusions. We know more about torus actions than about intersect-
ing with centralizers, so we note that if we let S act on G by conjugation then CG(S) = GS and
Ru(G) ∩ CG(S) = Ru(G) ∩ GS = Ru(G)S . Therefore we have seen in Talk 6 [Mil17, Thm. 13.9]
that Ru(G)S is smooth and in Remark 1.4 (a) that it is connected. We have seen in Talk 7
[Mil17, Cor. 14.7] that Ru(G)S is unipotent as a subgroup of a unipotent group. Since it fur-
thermore is normal, because by Corollary 1.3 (a) it is the normal subgroup CG(S) = NG(S)◦.
Thus, also RG(G) ∩ CG(S) is normal, and we get Ru(G) ∩ CG(S) ⊂ Ru(CG(S)).
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To see the other inclusion, let T be a maximal torus of G containing S. The intersection of
CG(S) with a Borel subgroup B of G containing T is a Borel subgroup of CG(S) by Theorem 1.10.
Thus B ⊃ Ru(CG(S)) because unipotent implies solvable — as we have seen multiple times in
Talk 7. Therefore Chevalley’s Theorem 4.1 yields

Ru(CG(S)) ⊂
(⋂

B∈BT
B

)◦

red
= Ru(G) · T

and thus
Ru(CG(S)) ⊂ (Ru(G) · T )u = Ru(G). ■

Corollary 4.3 ([Mil17, Cor. 17.58]). Let S be a torus acting on a smooth, connected algebraic
group G. Then

Ru(GS) = Ru(G)S .

Proof. The idea is that we write GS as a centraliser, because we have more knowledge over the
unipotent radical of a centraliser by the previous corollary (which is slightly ironic, since we
used the opposite reasoning in the beginning of that proof).

Let G′ = G ⋊ S. Then CG′(S) = GS × S and Ru(G′) = Ru(G), because the quotient map
Ru(G′) → S is trivial. Thus we get using Corollary 4.2

Ru(GS) = Ru(GS × S) = Ru(CG′(S)) = Ru(G′) ∩ CG′(S) = Ru(G)S ,

where the last equality holds because Ru(G′) has no part in S. ■

Corollary 4.4 ([Mil17, Cor. 17.59]). Let S be a torus acting on a smooth, connected algebraic
group G. If G is reductive, then so is GS. In particular, the centralizer of a torus in a reductive
group is reductive.

Proof. The group GS is smooth and connected by Talk 6 [Mil17, Thm. 13.9] and Remark 1.4
(a). Now Corollary 4.3 shows Ru(GS) = Ru(G)S = e. ■

Proposition 4.5 ([Mil17, Prop. 17.61]). Let G be a reductive algebraic group.

(a) Let T be a maximal torus in G. Then CG(T ) = T .

(b) The centre Z(G) of G is contained in all maximal tori T in G, and Z(G)(k) =
⋂

T maximal T (k).

Proof. (a) We know that CG(T ) is contained in every Borel subgroup of G containing T by
Corollary 1.3, and CG(T ) is smooth and connected by Theorem 1.2 and [Mil17, Cor. 13.10],
which we have seen in Talk 6. In particular CG(T ) is reduced and thus Chevalley’s Theorem 4.1
yields

CG(T ) ⊂
(⋃

B∈BT
B

)◦

red
= Ru(G) · T = T

since the reductivity of G means by definition Ru(G) = e.
(b) Certainly, we have Z(G) ⊂

⋂
T maximal CG(T ) =

⋂
T maximal T by (a). Conversely, let

g ∈ G(k) lie in this intersection. Then g commutes with all elements of all Cartan subgroups.
Now, these elements are dense in G by Proposition 1.8, so g is in Z(G)(k). ■

Corollary 4.6 ([Mil17, Cor. 17.62]). Let G be a reductive algebraic group.

(a) The centre Z(G) of G is diagonalizable.

(b) R(G) = Z(G)t (the largest subtorus of Z(G)).

(c) The quotient G/Z(G) is reductive and has trivial centre.
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Proof. (a) By Proposition 4.5, we know that Z(G) ⊂ CG(T ) = T for any maximal torus T of
G. Therefore, it’s a subgroup of a torus and therefore diagonalizable.

(b) One can show that Z(G)t is normal because Z(G) is, see [Mil17, Notation 12.29]. It
is also connected and commutative (since it’s a torus), so Z(G)t ⊂ R(G) by definition. Since
Ru(G) = e, we have that R(G) is a torus. (To be more precise: The maximal unipotent radical
of R(G) is stable under all group automorphisms. Since R(G) is normal, this implies that
Ru(R(G)) is normal in G, hence it is contained in R(G)u, which is trivial; so Ru(R(G)) = e.)
Thus rigidity [Mil17, Cor. 12.39], which we have seen in Talk 6, implies that the conjugation
action of G on R(G) is trivial. Thus R(G) ⊂ Z(G).

(c) Let Z ′ be the preimage of the centre of G/Z(G). Then Z ′ is normal in G, and Z(G) is
normal in Z ′ and by (a) of diagonalizable. Now G/Z(G) is reductive because if U ⊆ G/Z(G)
is a smooth, connected, normal, unipotent subgroup, then we have, with π : G → G/Z(G) the
projection, the short exact sequence

1 → Z(G) → π−1(U) → U → 1.

Since U is unipotent and Z(G) diagonalizable, one can show using similar methods as the ones
we have seen in Talk 8 [Mil17, Prop. 16.28], that the sequence splits and π−1(U) ∼= Z(G) × U .
Since U commutes with all automorphisms in π−1(U) (it is its unipotent radical), we see that
this splitting realises U as a smooth, connected, normal, unipotent subgroup of G, which is
trivial since G is reductive. Therefore Z ′/Z(G) is diagonalizable by (a) as the centre of the
reductive group G/Z(G). Therefore, as another consequence of Rigidity [Mil17, Cor. 12.41], the
conjugation action of G on Z ′ is trivial. Hence Z ′ ⊂ Z(G), and so Z ′ = Z(G). ■
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